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Reidemeister moves

Figure : Reidemeister moves

Theorem

Two knots are equivalent if and only if a diagram of the first knot can be
transformed into a diagram of the second knot by a finite sequence of
Reidemeister moves and trivial moves.
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Knot invariants

Definition

function f assigning to any knot diagram a number (a tuple of numbers, a
polynomial, a rational function et.c.)

for any two diagrams of the same knot f assigns the same number

Definition

Color the diagram into 3 colors. The coloring is correct if at each crossing,
the three meeting arcs are either all of the same color, or all of the different
colors.

Coloring invariant col3(D) is the number of correct colorings.
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Coloring invariant is an invariant

Theorem. The number of good colorings of a knot diagram is a knot
invariant.

Figure : Invariance under Reidemeister moves
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Exercises

Figure : Find the coloring invariant of these knots
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Application: naked elastic human wearing a watch

Figure : Recall: elastic human

Figure : Elastic human wearing a watch
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n-coloring

Definition

Color the diagram into n colors: putting the numbers
0, 1, 2, . . . , n − 1 onto the arcs.

The coloring is correct if at each crossing, the sum of the colors of
the undercrossings is equal to twice the color of the overcrossing
modulo n.

Coloring invariant coln(D) is the number of correct colorings.

Sasha Patotski (Cornell University) Deformations November 3, 2014 7 / 13



n-coloring

Definition

Color the diagram into n colors: putting the numbers
0, 1, 2, . . . , n − 1 onto the arcs.

The coloring is correct if at each crossing, the sum of the colors of
the undercrossings is equal to twice the color of the overcrossing
modulo n.

Coloring invariant coln(D) is the number of correct colorings.

Sasha Patotski (Cornell University) Deformations November 3, 2014 7 / 13



n-coloring

Definition

Color the diagram into n colors: putting the numbers
0, 1, 2, . . . , n − 1 onto the arcs.

The coloring is correct if at each crossing, the sum of the colors of
the undercrossings is equal to twice the color of the overcrossing
modulo n.

Coloring invariant coln(D) is the number of correct colorings.

Sasha Patotski (Cornell University) Deformations November 3, 2014 7 / 13



Can we distinguish figure 8 knot and trefoil?
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Figure 8 knot and trefoil

Figure : Figure 8 knot and trefoil
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First method

Figure : Connected product of two knots
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Box description of a knot
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Second method

Figure : Connected product in box presentation
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Properties

Lemma

The operation # is associative and commutative, and the unknot U is the
identity element. In other words, for any three knots A,B,C , we have
(A#B)#C = A#(B#C ), A#B = B#A and U#A = A#U = A.

Figure : Commutativity of composition
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